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1. INTRODUCTION 
Let M, be the n th ordinary moment of a random variable X taking non- 
zero values on a finite number of non-negative integers, and M,,, be the 
nth factorial moment ( a concept introduced by J. F. Steffensen in 1923) of 
X. Thus one can write 
M, =E[X”] = 1 k”p,‘, 
kb0 
(1) 
M,,, = E[(X)nl= 1 (k)n Pk, 
k>O 
(2) 
where, as usual, pk = P [X= k] for k = 0, 1, 2 ,... and, for any positive n, 
(x), = x(x - 1) *. * (x - n + 1) designates the lower factorial polynomial. 
Notice that we set (x)~ = 1. 
It is known that Stirling numbers of the first kind s(n, k) are the con- 
necting coefficients between powers and lower factorial polynomials. In 
other words we write, for all n 2 0, 
(x), = f s(n, k) xk. 
k=O 
Notice that s(n, 0) = 0 whenever n > 0 and ~(0, 0) = 1. Accordingly, the 
relationship between moments and factorial moments [ 1, p. 51 can be writ- 
ten as n 
hf,,,= 2 S(n, k) M,. 
k=O 
In the language of “symbolic calculus” the latter formula can be obtained 
by setting 
M(n) = (Wm (4) 
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where A4 is a formal variable, and then by performing the symbolic sub- 
stitution (A@ --* Mk) in the expression 
M,,, = f: s(n, k) Mk 
k=O 
simply derived by developing the products in the right-hand side of (4) as 
suggested in [ 1, p. 61. 
In [2] we defined an algebraic structure (called the factorial ring) to 
explain that instance of symbolic substitution. In the present paper we 
study a property of the factorial ring that gives a better insight into the 
mechanism of the symbolic method, thus following the lines of thought 
stated by Roman and Rota [3] in their paper on Umbra1 Calculus. 
Moreover this algebraic device offers yet another tool for studying (in 
analogy with the twenty-year-old Rota paper [4]) well known com- 
binatorial coefficients uch as Bell numbers and, hopefully, for future work 
on generating functions. 
2. THE FACTORIAL RING 
Let R be the associative ring with identity over the rationals generated 
by commutative variables x,, x2 ,..., x, in which the following relationships 
hold: x; = xk (k = 1, 2 ,..., m). 
Let I be the ideal generated by all monomials of degree greater than 1. 
Let F= R/I, and let q5 be the canonical homomorphism of R onto R/I. We 
call F the factorial ring and write f, for the image of xi under 4. The mul- 
biplication in F is completely determined by the rules 
fif, =f, if i=j 
=o otherwise 
for all i,j (1 <i,j<m). 
First we define a distinguished element of F: 
h!f= f kfk. 
k=l 
In view of the rules of multiplication in F, we have immediately the follow- 
ing 
LEMMA 1. (Proposition 1 of [2]). For any positive n, 
lbf”= f knfk. 
k=l 
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We are now ready to point out a remarkable combinatorial property 
enjoyed by the factorial ring. 
THEOREM. Let p(u) be any m-degree polynomial of V(R) (the infinite- 
dimensional vector space over the reals) such that p(0) = 0. Then 
p(M)= f P(k)f,. 
k=l 
(*I 
Proof. Let p(u) = CT= 1 a$. The identity we want to show can be writ- 
ten as 
Clfl + c*f2 + ... +c,f,=P(l)fl+P(2)f2+ ... +p(m)f,? 
for some cl, c~,..., c, E Iw. Thus the proof sums up to show that ck =p(k) 
for k = 1, 2 ,..., m. 
Indeed 
p(M) = f fZ,Mi= f -f Uikyk, 
i=l ,=I k=l 
hence, by simply changing the order of summation, we have 
ck = f a,k’=p(k) 
i= I 
for k = 1, 2 ,..., m. 1 
One immediately sees that our Lemma 1 is an instance of our theorem 
when p(u) = u”. 
In order to obtain the relationship between moments and factorial 
moments, following an idea of D’Antona and Rota [S], in [Z] we defined 
a function v: + [O, 1 ] such hat 
V(fk) =pk = P[X= k] 
for k = 1, 2 ,..., m. 
Here we assume that ph = 0 whenever h > m. Notice that v is well defined 
over the whole F as all the elements of the factorial ring are linear com- 
binations of the f;s. 
Then we derive 
v(W) = E[x’] = M”, 
V((W”) = a-W)“1 = M,“, 
and then formula (3) follows by simply setting p(u) = (u), in the statement 
of our theorem. 
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Other identities involving X can be readily obtained with our method. 
Consider, for instance, the upper factorial polynomial of degree n > 0: 
(x),=x(x+ l)...(x+n- 1) 
and set (x),= 1. 
Define M,,, the upper moment of order n of X, to be the expected value 
of (X),. Then, by simply putting p(u) = (U ),, we derive the identity 
v((Wn) = M,,: 
which gives the relationship between moments and upper moments of X. 
Indeed, in F the following identity holds: 
where the a,i are the connecting coefficients between powers and upper fac- 
torial polynomial. 
3. BELL NUMBERS 
In this section we exploit the property (*) of the factorial ring in order to 
rework a result of Rota [4] on Bell numbers B,, i.e., the number of par- 
titions of an n-set (n > 0). Recall that B. = 1. We now need to state the 
following technical 
LEMMA 2. “Any element of the factorial ring can be uniquely written as a 
linear combination of (M), , (&I)*,..., (IV),.” 
Proof We first show that the elements f, , f2,...,fm can be uniquely writ- 
ten as a linear combination of (M),, (M)2,..., (M),. To this end we apply 
our theorem and write 
(W,= 2 (k),fk. 
k=l 
But indeed, when n ranges between 1 and m, the coefficients (k), form an 
upper triangular non-singular matrix A. 
To see this, one has only to recall that, for any natural x, y # 0, (x), = 0 
whenever x < y. We note, in passing, that det(A) = JJz 1 k!, a rather large 
number. 
Thus the coefficients of the linear combinations of (M), , (M),,..., (M), 
by which fk is expressed can be simply read on the rows of A - ‘. The 
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lemma now follows as, by definition, any element of the factorial ring is a 
(unique) linear combination of the fk's. 1 
Next we introduce a linear functional I: F + R and denote by (I 1 a) the 
action of I on any element c1 of F, when F is thought of as an m-dimen- 
sional vector space over the reals.’ We set, for k = 1, 2,..., m, 
(A I (Wk) = 1 
and (Al l)=l. 
In view of Lemma 2 and of the linearity of II, this definition extends to 
the whole F. 
We now show that, for 1 <n Gm, 
B,= (1 I M”), (5) 
a result displaying a surprising analogy with formula (4) of [4]. 
Stirling numbers of the second kind S(n, k) are defined as the connecting 
coefficients (a general reference for this matter is Aigner [6]) between 
lower factorial polynomials and powers. Hence we can write, for 1 d n Q m, 
M”= f S(n, k)(M)k. (6) 
k=i 
It is known that S(n, k) counts the number of partitions into k blocks of an 
n-element set S. This entails the identity 
where the sum ranges over all partitions x of S and B(z) denotes the num- 
ber of blocks of partition rr. And now formula (5) is obtained by applying Jb 
to both sides of the above identity. 
Before going any further, we remark that this derivation does not make 
use of the result of Lemma 2, but simply depends on the property of M 
displayed in Lemma 1. 
We study now the recursion formula for “small” Bell numbers, i.e., 
B ?2+1= 
* Warning: the meaning of the bracket here defined (Dirac’s bracket) differs from the mean- 
ing of the symbol used for the upper factorial polynomial. We hope that the context will 
prevent any misunderstanding. 
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for n = 1, 2,..., m - 1. To this end we recall a trivial property of the lower 
factorial polynomials: 
x(x-l)n=(xL+1. 
Thus we have 
But now the linearity of il and Lemma 2 enable us to extend formula (8) to 
the identity 
(1 I W(M- 1)) = <A I P(W)> 
where p(u) is any n-degree polynomial with real coefficients. In particular, 
for p(u) = (U + 1)” we obtain 
i.e., formula (7). 
We now follow Aigner [6, p. 901 to show the recurrence formula for 
“small” Stirling numbers of the second kind: 
S(n + 1, k) = S(n, k - 1) + kS(n, k) (9) 
for l<k<n<m-1. 
First we define the functionals II,: F + R, given by 
(& I (W,) = L,k (Kronecker symbol). 
Notice that, in view of formula (6), the above definition yields 
(1, I M”) = 0, k) (10) 
for 1 <k < m. And now applying Ak (k > 1) to both sides of the obvious 
identity 
(mz+ 1 = w - n)(W, 
we obtain 
or, equivalently, 
(11) 
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Once again we exploit linearity of A, and Lemma 2 to state 
obtained from (11) by replacing the basic polynomial (u), with the 
polynomial p(u) = 2P. 
Formula (9) is now at hand, by simply applying (10) to the last identity. 
REFERENCES 
1. M. FRBCHET, “Les probabilitts associbes B un systtme d’tvtnements compatibles et d&pen- 
dants,” Vol. I, Hermann, Paris, 1940. 
2. 0. D’ANTONA, A ring underlying probabilistic identities, J. Math. Anal. Appl. 108 (1985), 
21 l-215. 
3. S. ROMAN AND G. C. ROTA, Umbra1 calculus, Adu. in Math. (27) 2 (1978), 95-118. 
4. G. C. ROTA, The number of partitions of a set, Amer. Math. Monthly 71, No. 5 (1964). 
5. 0. D’ANTONA AND G. C. ROTA, Two rings connected with the inclusion-exclusion prin- 
ciple, J. Combin. Theory Ser. A 24 (1978), 395-402. 
6. M. AIGNER, “Combinatorial Theories,” Springer-Verlag, New York/Berlin, 1979. 
